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Effect of Hypersonic Nonlinear Aerodynamic Loading on
Panel Flutter
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*
The system considered is a two-dimensional isotropic panel, or plate-column, on hinged supports, with one end

spring restrained in the plane of the panel. Panel geometric nonlinearities and piston-theory aerodynamic non-
linearities are included. Results from an earlier preliminary study indicate that only two second-order nonlinear
aerodynamic terms are important. The nonlinear aerodynamic terms introduce the possibility of an amplitude-
sensitive instability, where the panel is unstable to disturbances of a certain magnitude but stable for smaller ones.
This type of instability is examined for various panel in-plane loads and initial conditions, with other parameters
having values representative of current practice. A single new interaction parameter, representing the importance
of the nonlinear aerodynamic terms in comparison with the panel geometric nonlinear terms, is introduced. Para-
meter surveys show that increasing this interaction parameter reduces monotonically the dynamic pressure at
flutter, and that the static-pressure difference has a relatively minor effect, with increased cavity pressure stabilizing
and decreased cavity pressure destabilizing. On the other hand, the variation of the flutter dynamic pressure with
initial energy level and with initial deformation is very complicated. While it is difficult to generalize from such
a simple model, the results do suggest that an accurate determination of the in-plane edge restraint is crucial to
any assessment of the likelihood of amplitude-sensitive instability.

Nomenclature

a — panel chord
ak = dimensionless modal amplitude :

w(x,t) = [/z/(a)1/2] ak(t)sin/c7r-

A0 = vector of initial modal amplitudes and velocities
[^(OX....^^^^....^^)]

D = plate modulus, Eh3/I2(l - v2)
E = Young's modulus
£0 = dimensionless initial energy, see Eq. (3)
h = panel thickness
K = running spring constant for panel in-plane restraint spring
M = Mach number
N = number of modes used to represent w(x, t)
p = pressure
p^ = freestream pressure
Ap = dimensionless static pressure difference across panel,

Apfl4(a)1/2/D/i (positive if cavity pressure exceeds freestream
pressure)

q = freestream dynamic pressure
Rx = dimensionless in-plane applied load, Rx a2/D (positive for

tension)
t = time
w = panel transverse displacement
x = panel chord wise coordinate
a = dimensionless in-plane restraint parameter,

K IK + Eh/a( 1-v2)]"1

y — gas constant (here 1.4)
A = dimensionless dynamic-pressure parameter, 2qa3/MD
JJL — mass ratio, p^ a/ph
v = Poisson's ratio
p = panel mass density
p^ — freestream mass density
i — dimensionless time, t(D/pha4)i/2

(') = derivative with respect to r
( ) = dimensional quantity
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Introduction

FOR some time now it has generally been accepted that an
important part of the phenomenon of panel flutter is the

nonlinear effect resulting from the interaction between transverse
panel displacement and in-plane stretching. A recent survey
article1 on panel flutter has discussed the theoretical treatment
of this type of nonlinearity in some detail. It generally has a
stabilizing effect on flutter, since increasing transverse displace-
ment is resisted by the in-plane stretching. At hypersonic speeds,
another nonlinear effect enters the picture. Here, the nature of the
aerodynamic loading is such that it too must be regarded as
nonlinearly related to the panel motion. Furthermore, the non-
linear aerodynamic loading has a fundamentally different
character, in that it reinforces, rather than resists, increasing
panel displacement. When this happens, two effects are observed
(at least theoretically): the postcritical response of the panel is
altered, and in more extreme cases the panel is unstable to large
disturbances but stable for small ones. The object of this paper
is to investigate further certain aspects of the latter effect, the
amplitude-sensitive instability.

Such a problem can be approached in two ways. First, it can
be viewed as a specific example of a general class of stability
problems involving nonlinear nonconservative systems. There is
a substantial body of literature in this area, although to the
author's knowledge only one paper2 has appeared within the last
few years that deals specifically with amplitude-sensitive in-
stabilities; it proposes a stability criterion based on the energy
in the initial disturbance applied to the system. Other methods,
such as Lyapunov's method or the harmonic-balance method,
are also capable of predicting this type of instability. However,
their application is increasingly difficult as the number of
unknowns (modal amplitudes for panels, say) becomes larger.
Librescu3 used the method of Lyapunov in his study, and
Bolotin et al.4 applied the harmonic-balance method in theirs.
The latter authors also confirmed their results by direct integra-
tion with time of the differential equations for the modal
amplitudes. This technique is also used here; it has been applied
previously in this country to panel-flutter problems by Dowell.J

A second viewpoint is to deal directly with the panel-flutter
amplitude-sensitive instability in a more pragmatic manner, as in
Refs. 3 and 4 cited above. This paper reflects the more pragmatic
approach and will present some results for realistic parameter
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Fig. 1 Two-dimensional panel (plate-column) on hinged supports.

ranges and realistic aerodynamic flowfields. A preliminary
examination, reported in an earlier paper,5 is extended to include
the effects of variations in system parameters on an amplitude-
sensitive stability boundary.

Equations of Motion
The panel to be considered is illustrated in Fig. 1. It is an

isotropic panel, or plate-column, of infinite span. The edges are
pinned, and at one end there are a linear in-plane restraint
spring and an applied in-plane load. The derivation of the
equations of motion is discussed in detail in Ref. 5. Panel in-
plane and transverse displacements are approximated as a finite
series of assumed modes satisfying the pinned-edge boundary
conditions. Equations of motion are obtained from Hamilton's
principle, where the expression for the strain energy in the panel
is the one that leads to the familiar von Karman structural
operator. The transverse aerodynamic loading is obtained from
second-order piston theory, along with a term to account for
static pressure differences between the panel cavity and the free
stream. As noted in Ref. 5, there are only two nonlinear
aerodynamic terms that prove to be important for the parameter
ranges considered — one proportional to (cw/cx)2, and one pro-
portional to (dw/dx)(dw/dt). (Symbols are defined in the Nomen-
clature.) Finally, the in-plane motion equations are used to
eliminate all unknowns except the modal amplitudes for the
transverse displacement, and the resulting set of equations is

n ( y + l )
[/c2-(/-m)2][fc2-(/+m)2] '

U \

Mj
r N N -i

Z lai<*m+ E (mam^l-lai^m) = 0, /C = 1, 2, . . . , N (1)
/ , m = l / , m = l ;

l + m = k l-m = k I
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Fig. 2 Comparison of linear and nonlinear stability boundaries (after
Ref. 5). N = 6, fj./M = 0.01, M/z/a(a)1/2 = 0.158, Ap = 0, E0 = 175

mtha(Q)= - f l (0)^ 0.

Fig. 3 Dimensionless panel displacement at x/a = 0.75 vs dimension-
less time. N = 6, Rx = - n\ A = 260, fi/M = 0.01, M/z/a(a)1/2 - 0.158,

The notation used here is slightly different from that used in
Ref. 5, most notably in the definitions of dimensionless dynamic
pressure and dimensionless in-plane applied load. Also, a term
is included here for the static pressure difference. Note now that
the panel motion can be represented as follows:
w(x, t) = \h/(tt)ll2]Fn[x/a,T; A 0 > R x , X , p / M , y , M h / a ( o c ) 1 / 2 , Ap]

(2)
Thus, even in the presence of nonlinear aerodynamic loading
of the type considered here, the parameters can be arranged so
that the in-plane restraint parameter a appears only in conjunc-
tion with the aerodynamic parameter Mh/a. Amplitude-sensitive
instability occurs where the asymptotic panel motion is
dependent on the initial conditions, as represented by the
initial state vector A0.5

Initial conditions will be determined by fixing the magnitude
of the initial energy in the panel. An expression for this energy
is derived in Ref. 5; it can also be written so as to eliminate
explicit dependence on a:

E0 = (Dh2/a3(x)E0 = (Dh2/a3oi)FnlA0,Rx] (3)
The panel motion is determined by integrating Eqs. (1) with

time from given initial conditions A0. The integration is carried
out over a long enough interval of time to determine whether
or not the motion is stable.

Discussion of Results
For the sake of completeness, the amplitude-sensitive stability

boundary from Ref. 5 is reproduced here in Fig. 2. This
boundary was obtained with a constant initial energy E0 of 175,
with al(Q)= — a2(Q) nonzero. Values of other system parameters
are as shown in the caption. The complicated nature of the
dependence of this stability boundary on the initial energy (and,
ultimately, on A0) can be inferred from the shape of the boundary.
The onset of instability over the whole boundary is characterized
by the panel motion with time shown in Figs. 3 and 4. Figure
3 shows the motion of the panel at x/a = 0.75, which is approxi-
mately where the peak displacement occurs. Figure 4 shows the
mode shapes at fixed intervals of i over a period or so. Note
that the oscillation has a strong travelling-wave component. This
behavior is quite similar to the "periodic but nonsimple-
harmonic" behavior observed by Dowell6 for large compressive
values of .R^ with linear aerodynamic loading. Here, apparently,
for tensile as well as compressive inplane applied load, the
mechanism of the instability involves motion of this sort. For
values of Rx and / on the unstable side of the linear stability
boundary, the travelling-wave component subsides, and the
motion resembles that for linear aerodynamic loading, with
minor distortion.5

Figure 5 presents the variation of the critical value of A, where
instability first occurs, for both different levels of initial energy
and different modal content. For E0 = 175, for example, having
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the energy completely in the first mode (a^O) ^ 0) produces a
critical value of X slightly higher than that obtained with
ai(0) = -<22(0)^0. On the other hand, having all the initial
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Fig. 4 Dimensionless panel displacement vs chordwise distance for
panel of Fig. 3.
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Fig. 5 Variation of critical value of / with initial energy and modal
content. N = 6, Rx = 0, /i/M - 0.01, Mh/a(u)l/2 = 0.158, Ap = 0.

energy as kinetic energy in the first assumed mode (^(0) ̂  0)
produces a slightly lower critical value of L With ^(0) =
— a2(0) ̂  0 and E0 = 480, the critical value of / is only slightly
lower than the value found with the same initial deflection shape
and approximately one-third the energy. For E0 = 350 and this
same initial shape, the situation is more complicated. There is
a band of values of /I for which the motion is unstable, bounded
above and below by a stable region. This suggests a distorted
version of the stability boundary of Fig. 2 near Rx = — 0.5n2,
which for this value of E0 encompasses the 1 axis as well.

Figure 6 presents the effect of both positive and negative static
pressure differences for Rx = 0 and the initial conditions of Fig. 2.
Positive values of Ap, which tend to push the panel out of the
cavity and into the freestream, are stabilizing, whereas negative
values are destabilizing. This effect is related to the nature of the
piston-theory aerodynamic term proportional to (dw/dx)2. The
sign on this term is such that a panel excursion in either trans-
verse direction produces a pressure tending to push the panel
into the cavity. This produces a strong asymmetry to the motion,
as can be seen from Figs. 3 and 4. Negative values of Ap reinforce
this term, while positive values act to counterbalance it.

The effect of varying the nonlinear interaction parameter
Mh/a(a)l/2 is seen in Fig. 7. The initial conditions were fixed
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Fig. 6 Variation of critical value of / with dimensionless static pressure
difference for fixed initial conditions. N = 6, Rx = 0, \ifM = 0.01,

M/z/a(a)1/2 - 0.158, E0 = 175, fll(0) = -a2(0) / 0.
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Fig. 7 Variation of critical value of /I with nonlinear interaction
parameter for fixed initial energy. N = 6, /i/M = 0.01, Ap = 0,

E0 = 175, fll(0) = -«2(0)^0.
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at those of Fig. 2, E0 — 175, a ̂ 0) = — a2(0) ̂  0. Increasing values
of Mh/a(a)1/2, which represent increased relative importance of
the nonlinear aerodynamic terms, produce monotonically
decreasing values of the critical value of L A measure of the
importance of the nonlinear aerodynamic effects can be obtained
by examining the slope of these curves at the A axis. This slope
will be zero for zero initial energy and will in general decrease
as the initial energy increases. The results from Fig. 5, however,
suggest a complicated picture, and any trends observed must
not be unduly generalized.

Conclusions
It has been shown theoretically that, under proper conditions,

nonlinear aerodynamic loading can produce unstable panel
motion in a parameter region that would be a stable one on the
basis of a model with linear aerodynamics. The principal factors
in determining the likelihood of such an instability are the excita-
tion level that the panel is expected to encounter and the impor-
tance of the nonlinear aerodynamic loading in comparison with
the stabilizing effect of in-plane stretching in the panel. The
latter factor is measured directly by the interaction parameter
M/i/a(a)1/2. For a given initial excitation, the critical value of
A varies quite smoothly with this parameter. On the other hand,
the dependence of the instability on the nature of the initial con-
ditions is quite complicated. This particular conclusion should
not be too surprising, since the system itself is far from simple. It
may well be that an inspired application of Lyapunov's method,
or of some other approximate technique that deals directly with
the continuous system, will ultimately provide more meaningful
information.

To the best of the author's knowledge, amplitude-sensitive
flutter as such has not been verified experimentally, at least for
flat or slightly curved panels. Behavior of this sort is consistent
with that noted by Ketter and Voss7 in their experiments, where
they found a hysteresislike variation of dynamic pressure for
flutter with in-plane applied load. Hov/ever, attempts to repro-
duce this behavior theoretically, with system parameters based on
the experiments, were not successful. In fact, Ketter and Voss
do offer another explanation for it, and the theoretical results
(as shown in Fig. 2, for example) suggest that an amplitude-
sensitive instability at the high tensile values of Rx involved—
near 160—would be highly unlikely. Behavior suggestive of an
amplitude-sensitive instability was also noted briefly by
Anderson.8 In his experiments, the freestream total pressure at
which flutter stopped was slightly lower than that at which flutter
began. In view of the rigidity of the panel edge mounting
and the magnitude of the Mach number (2.81), it is unlikely that
a nonlinear aerodynamic mechanism of the sort discussed here
was very significant.

It should be noted that aerodynamic nonlinearity is not the
only type of nonlinearity that can result in amplitude-sensitive
instability. In Ref. 1, Dowell mentions some theoretical observa-
tions of instability to large disturbances when the in-plane com-
pressive loading is greater than the still-air buckling load. These

studies incorporated linear aerodynamic loading, and it is entirely
possible that nonlinear aerodynamic loading could reinforce such
behavior. In at least one example, as indicated in Fig. 2, this
was not the case, but different initial conditions could produce
very different results.

Since the type of panel considered here is far from a realistic
one, no firm conclusions can be drawn regarding the practical
impact of nonlinear hypersonic loading. However, it is clear that
any assessment of this effect should include an accurate
determination of the true in-plane restraint condition. A flat
panel of finite span, which is also stabilized by stretching in
the spanwise direction, should be less susceptible to nonlinear
hypersonic effects in comparison with its two-dimensional
counterpart. The introduction of curvature, particularly as far as
shells are concerned, presents a different situation. It has been
found9 that a nonlinear structural shell model, with linear aero-
dynamic loading, exhibits a "softening" nonlinear behavior of the
same type as is produced by nonlinear aerodynamic loading for
the flat panels studied in this paper. The introduction of non-
linear aerodynamic loading into a shell analysis could very well
reinforce significantly this behavior. Finally, there is the question
of viscous aerodynamic effects. Within a linear framework,
viscous effects on panel flutter are generally thought to be most
important for Mach numbers near unity.1 It is simply not known
if this situation will change when nonlinear aerodynamic loading
is significant.
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